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Abstract
The paper is concerned with study of uncertainties in multi-body systems on example of the hydrogen diﬀusion. To this end, the
distribution of hydrogen due to the diﬀusion in a system composed from two rods coupled by an imperfect interface is analysed. It
is shown that the governing equation for 1-D diﬀusion is reduced to a generalized Mathieu equation. A closed form expression for
the principle instability regions is obtained and a safe level of harmonic load is determined under which the fatigue fracture does
not occur.
c© 2015 The Authors. Published by Elsevier B.V.
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Introduction
The problem of the inﬂuence of low concentrations of hydrogen in metals nowadays attracts a lot of attention.
Though the hydrogen concentration can be very low (a few ppm, i.e. some dozen atoms of hydrogen in million of
atoms of the metal matrix), its inﬂuence on the mechanical properties of the metals can be of crucial importance.
As a rule, the hydrogen is accumulated in metals during their exploitation. One of the main sources for hydrogen
appearance in metals is alternating (e.g. periodic) mechanical loading of the structural elements. It is well known that
it results is fatigue of structural materials.
The hydrogen is contained in all materials, for instance, in metals the hydrogen is contained in traps with various
bonding energies. Alternating mechanical loading leads to the hydrogen redistribution over the traps. The majority
of papers1,2,3,4,5,6 addresses the eﬀect of hydrogen on the strength of materials, suggests primarily phenomenological
models and does not discuss the problem of redistribution of hydrogen over the traps with the diﬀerent bound energy.
The degradation of the mechanical properties of the continuous medium is described in these models on the microscale
level only. Typically, this describes the tops of microcracks and dislocations. Therefore, in order to go over to the
macro-scale model of solid mechanics one has to develop special averaging approaches or use some empirical models.
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In contrast, we propose a two-continuum model of solid which enables one to describe the inﬂuence of a small
concentration of hydrogen on the mechanical properties of materials. The ﬁrst continuum is the structural material,
whereas the second continuum describes the hydrogen dynamics. The hydrogen diluted in structural materials can be
conditionally divided into that with low bonding energy and that with high bonding energy. The hydrogen with low
bonding energy is diﬀuse, and its interaction with material is very weak. The high bonded hydrogen interacts with
material very intensively. The mechanical material properties degrade due to this interaction. The suggested model is
capable to describe both the hydrogen diﬀusion and its interaction with the material.
1. Modeling the hydrogen diﬀusion in metals
We utilize a two-continuum model of solids7 which enables one to describe the inﬂuence of a small concentration
of hydrogen on the mechanical properties of materials. The ﬁrst continuum is the structural material, whereas the
second continuum describes the hydrogen dynamics. The hydrogen diluted in structural materials can be conditionally
divided into that with low bonding energy and that with high bonding energy. The hydrogen with low bound energy
is diﬀuse and its interaction with material is very weak. The high energy bound hydrogen interacts with material very
intensively and degradation of the mechanical properties of material is due to this particular type of hydrogen. The
suggested model is capable to describe both the hydrogen diﬀusion and its interaction with the material.
The governing equations for dynamics of the two-continuum material are as follows8
∇ · τ = ρ(1) ∂v(1)
∂t + jv
(1) + R
−∇p = ρ(2) ∂v(2)
∂t − jv(2) − R
(1)
cf. 7,8 for detail. Here ρ(1)and ρ(2) denote the mass density of the material and the diﬀuse hydrogen respectively,
v(1) and v(2) are the corresponding velocities, and t is time, Further, τ is the stress tensor in the matrix and p stands
for the diﬀuse hydrogen pressure since we consider it as a gas. The interaction volumetric force R is assumed to be
proportional to v(2) − v(1).
The mass redistribution ﬂux inside the material j balances the hydrogen concentration of diﬀuse and bound parti-
cles. Since the concentrations are low we can assume a linear dependence for this ﬂux j = κn− − λn, where n− and
n denotes respectively concentration of diﬀuse and bound particlesof the hydrogen, κ and λ being the linearization
factors. These factors determine the distribution of hydrogen over the energy bonds. When (κ + λ)/λ > 1 the sorption
of the diﬀuse-mobile hydrogen and accumulation of bound hydrogen take place: it is observed for titanium alloys.
Otherwise (κ+λ)/λ < 1 and hence the hydrogen redistribution leads to increase in concentration of the diﬀuse-mobile
component.
In one-dimensional case eq. 1 reduces to the equation for the concentration n of the bound hydrogen
∂2n
∂t2
+ (α + β)
∂n
∂t
+G
(
β
∂2n
∂x2
+
∂3n
∂t∂x2
)
= 0 (2)
where α, β,G are some parameters depending upon the physical processes in the diﬀusion channels, cf. 9 for detail
and explanation of the coeﬃcients. This diﬀerential equation belongs to the class of hyperbolic equation describing
the moving front of bond hydrogen.
2. Hydrogen diﬀusion in the case of imperfect contact on the interfaces
In order to study the multi-body eﬀect, i.e. the inﬂuence of neighbouring structural elements on the fatigue (in
the form of instability region) of a single structural member instability region we suggest the following model. A
structure consists of two one-dimensional solids, either containing hydrogen, see Fig. 1. The contact between the
solids is assumed to be non-ideal and moreover the factor of the diﬀusion transmission through the contact interface
is uncertain. The uncertainty can be caused by a number of reasons, for instance, manufacturing, assemblage, ageing
etc. The uncertainty is also typical for the diﬀusion transfer through the joint regardless of the type of joint (bolted
connection, welding etc.). The hydrogen diﬀusion through the coupling is similar to the imperfect heat transfer
between two adjacent surfaces since the heat transfer is also governed by a diﬀusion equation.
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Fig. 1. Schematics of the 1-D structure composed of two rods with imperfect interface contact.
For each rod the Fourier method of variables’ separation assumes the following substitution
{
n1 (x, t) = X1 (x) T1 (t)
n2 (x, t) = X2 (x) T2 (t)
where X1 (x), X2 (x) and T1 (t), T2 (t) stand for the spatial and temporal functions in each rod respectively. The
ordinary diﬀerential equations for these functions are given in what follows
X′′(x) + γ2X(x) = 0
T¨(t) + (α + β +G)T˙(t) +GβT(t) = 0 (3)
where the subscripts 1 and 2 are omitted here. The ﬁrst rod is assumed to be isolated at the end x = 0 and the
second rod is assumed to be isolated at the end x = l2 . This leads to the following boundary conditions at the left and
right end of the gross rod and allows us to suggest the following basic functions satisfying these boundary conditions
X1 (x) = B cos (γ1x) ⇒ ∂n1∂x |x=0 = 0
X2 (x) = C cos (γ2x) ⇒ ∂n2∂x
∣∣∣x=l2 = 0 (4)
The condition of the non-ideal diﬀusion contact on the interfaces is taken by analogy with the condition of the
non-ideal thermal contact. It is allowed since the heat conduction equation belongs to the class of diﬀusion equation.
F1
∂n1
∂x
∣∣∣∣∣x=l1 = −F2 ∂n2∂x
∣∣∣x=l2 = K (n2 − n1) (5)
The transmission factor K describing the transport of hydrogen through the interface is assumed to be uncertain.
Substituting n1 (x, t) = X1 (x) T1 (t) and n2 (x, t) = X2 (x) T2 (t) into condition 5 yields:
−F1T1 (t) Bγ1 sin (γ1l) = F2T2 (t)Cγ2 sin (γ2l2) = K [−T1 (t) B cos (γ1l1) + T2 (t)C cos (γ2l2)] (6)
Next we make the assumption T1 (t) = T2 (t) which is justiﬁed by the following reasons:
1. The magnitude of each function (T1 (t), T2 (t)) is not important since n (x, t) = X (x) T (t), which implies that
X (x) can be viewed as a coeﬃcient.
2. The diﬀusion processes are rather slow in general.
3. The transient processes are out of the consideration, that is, there is no need to formulate the initial conditions.
In other words, we study the process of harmonic deformation of the material and the slow degradation of the
material properties due to graduate increase of the hydrogen content in it.
Under this assumption eq. 6 takes the form of two algebraic equations for γ1 and γ2:
−F1Bγ1 sin (γ1l) = F2Cγ2 sin (γ2l2) = K [−B cos (γ1l1) +C cos (γ2l2)] (7)
Let us take for simplicity that both rods possess the same geometric and mechanic parameters. If we do not
make this assumption then we face a problem with many parameters under consideration. The inﬂuence of the single
uncertain parameter K turned out to be hidden beyond the plenty of other parameters which would contradict the main
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Fig. 2. Graphic representation of the right and left hand sides of transcendental equation 9
Fig. 3. Position of the right and left hand sides of eq. 9 in the case of bad diﬀusion contact (2Kl/F  1).
objective of the present study. The assumption of coinciding parameters implies l1 = l2 = l; γ1 = γ2 = γ and eq. 7
takes the form:
−FBγ sin (γl) = FCγ sin (γl) = K [−B +C] cos (γl) (8)
that is B = −C and eq. 8 reduces to a single equation
2K cos (γl) = Fγ sin (γl)
or
tan (γl) =
2Kl
F
1
γl
(9)
The latter equation is a transcendental equation which can be solved only numerically. A graphic representation of
the right and left hand sides of this equation are shown in Fig. 2. The points of intersection of the curves provide one
with the solutions of eq. 9.
3. Analysis of the limiting cases
Let us proceed to a short analysis. Two limiting cases will be considered in what follows:
1. K is small which corresponds to the case of bad diﬀusion contact (poor diﬀusion through the interface)
2. K is great which corresponds to the case of nearly perfect diﬀusion contact (strong diﬀusion through the interface)
The plots below demonstrate the positions of the curves in the cases of bad and good diﬀusion contacts.
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Fig. 4. Position of the right and left hand sides of eq. 9 in the case of good diﬀusion contact (2Kl/F  1).
Since K is an uncertain parameter we consider two limiting cases. Our analysis is limited only by the ﬁrst roots
since they correspond to the ﬁrst eigenvalue. It means that we consider only the ﬁrst ”eigenmode” of the hydrogen
diﬀusion. Nevertheless let us notice at this place that the analysis is equally valid for the ”higher eigenmodes”.
The ﬁrst limiting case: bad contact, that is, 2Kl/F  1. In this case the argument of the tangent function is small
and the tangent function can be approximated by its argument. This allows us to obtain the following closed form
expression for γ, i.e. tan (γl) ≈ γl = 2KlF 1γl . It yields the closed form expression for γ which is γ =
√
2K/Fl.
The second limiting case: good contact, that is, 2Kl/F  1. In this case the argument of tangent function is
approximately equal to π/2, that is, γl ≈ π/2 = 2KlF 1γl . In this case γ = 4π KF .
It is interesting to observe that the function dependence of γ on K,F and l is drastically changing with increase
of the diﬀusion quality of the contact. In particular, γ becomes independent of the rod length l when the diﬀusion
contact becomes perfect. This fact is quite understandable since both parts can be viewed as single rod as the diﬀusion
between the parts is not prevented
We consider a cyclic loading with small strain amplitude of frequency ω, i.e. ε = ε1 · cos (ωt) , 0 < ε1  1. It
allows us to linearise the dependenceG (ε), to haveG (ε) = G0+G1 ·ε. Substituting the latter into the second equation
in eq. 3 enables us to put it in the form of the generalized Mathieu equation
T¨ + 2Γ(1 + γ + 2μ cosωt)T˙ + Ω2(1 + 2μ cosωt)T = 0 (10)
where the new parameters are Ω =
√
G0β, μ = G1/2G0, Γ = G0/2, γ = (α + β)/G0, Ω having the dimension
of frequency. The dimensionless parameter μ can be understood as the intensity of the external mechanical loading
expressed in terms of the hydrogen concentration. The ﬁrst approximation10 of the boundary of the principal region
of instability of this equations allows one to obtain the functional dependence μ = μ (ω). According11, the boundaries
of the principle instability region of eq. 10 are given by
μ2 =
[
Ω2 −
(
ω
2
)2]2
+
[
Γω (1 + γ)
]2
Ω4 + Γ2ω2
(11)
are shown in Fig. 5. From this ﬁgure one can conclude that the boundary of the instability region in the plane of
parameters (μ, ξ) with the frequency ratio ξ = ω/Ω has a minimum which can be understood as a safe level of load
under which the fatigue fracture does not occur at all. The exact expression for the boundary of the instability region
at the ”resonance frequency” is rather cumbersome however it can be approximated by
μ2 =
(
Ω2
β2
+
α + β
β
) (
Ω2
β2
+ 1
)−1
(12)
4. Conclusions
The paper demonstrates the inﬂuence of uncertainties in multi-body systems on the hydrogen diﬀusion. The hydro-
gen distribution due to the diﬀusion in a system composed from two rods coupled by an imperfect interface is studied.
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Fig. 5. Stability chart of the system under consideration
The governing equation for 1-D diﬀusion is shown to be reduced to a generalized Mathieu equation. A closed form
expression for the principle instability regions is obtained and a safe level of harmonic load is determined under which
the fatigue fracture does not occur. It is demonstrated that the shape and the size of the fatigue chart (i.e. the insta-
bility region) depend upon the rigidity of the coupling between the structural elements and this shows the eﬀect of
uncertainty in the structural coupling on the fatigue in mechanical engineering. Since this eﬀect is demonstrated in
terms of the concentration of the bond hydrogen we can view hydrogen as an indicator of the fatigue in dynamically
loaded substructures.
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